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Ca2+ spiral waves in a spatially discrete and random medium
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Abstract It is well known that the spatial distribution of the

calcium ion channels in the endoplasmic reticulum is dis-

crete. We study the Ca2? spiral pattern formation based on a

model in which ion channels are discretely and randomly

distributed. Numerical simulations are performed on dif-

ferent types of media with the Ca2? release sites uniformly

distributed, discretely and uniformly arranged, or discretely

and randomly arranged. The comparisons among the dif-

ferent media show that random distribution is necessary for

spontaneous initiation of Ca2? spiral waves, and the discrete

and random distribution is of significance for spiral waves

under physiologically reasonable conditions. The period and

velocity of spiral waves are also calculated, and they are not

prominently changed by varying the type of medium.

Keywords Ca2? spiral waves � Ion channel �
Random medium

Introduction

Ca2? is used as a second messenger in cell signalling. Most

of the calcium ions that constitute the signal are released

from intracellular stores, e.g., the endoplasmic reticulum

(ER) or sarcoplasmic reticulum (SR), in which the normal

Ca2? concentration is much higher than that of cytosol

inside the intracellular space. Ca2? is released from intra-

cellular stores through two types of ion channels: the

ryanodine receptor (RyR) and the inositol 1,4,5-trisphos-

phate receptor (IP3R). Ca2? cannot transmit information by

its binding specificity or simply by its presence. Conse-

quently, the signal is encoded in temporal and spatial

patterns, such as Ca2? waves (Falcke 2004). Intracellular

calcium waves were first observed in medaka eggs (Ridg-

way et al. 1977) and then found in Xenopus oocytes and

other cell types (Sanderson et al. 1994; Robb-Gaspers and

Thomas 1995; Thomas et al. 1995; Harris-White et al.

1998; Lipp and Niggli 1993).

In Xenopus oocytes, IP3R is the only type of ion channel

in the ER. It is widely accepted that the release channels

are spatially organized in clusters, and there are only a few

tens of intact IP3 receptor channels in square-micrometer-

sized clusters (Bootman et al. 1997; Foskettet et al. 2007).

Many effects of this type of discrete distribution of ion

channels in the ER have been experimentally studied. The

most prominent one is the transition from local calcium

release to calcium wave propagation (Parker and Yao

1991; Yao et al. 1995; Parker and Yao 1996; Yagodin

et al. 1995, 1994; Cheng et al. 1996). For example, in

Xenopus oocytes, with low IP3 concentration, Ca2? puffs—

Ca2? releasing from the serval ion channel in a cluster—

are observed. As IP3 concentration increases above a

threshold value, a Ca2? wave is able to propagate from the

site of the initial Ca2? release (Parker and Yao 1991, 1996;

Yao et al. 1995). Furthermore, it is known that the discrete

release sites are randomly arranged in the ER. To our

knowledge, the effects of the random distribution of Ca2?

release sites have not been extensively studied. Bugrim
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et al. (1997) presented a model with a random spatially

discrete distribution of Ca2? release sites, but they did not

focus on the effect of the randomness.

In 1991, Lechleiter et al. (1991a, b) discovered Ca2?

spiral waves in immature oocytes, and later on, spiral

waves were also observed in other cell types, such as

cardiac cells. The propagation of spiral waves has been

extensively simulated by considering the diffusion of

cytosolic Ca2? in various models initially developed to

account for Ca2? oscillations in homogeneous conditions

(Falcke et al. 1999a, b; Dupont 1998). Based on these

models, the initiation of spiral waves has been studied, and

many experimental results about the period and velocity of

spiral waves have been reproduced (Falcke et al. 1999a, b,

2003; Tang et al. 2008). To study the effect of discrete

distribution of Ca2? release sites on Ca2? spiral waves,

Falcke et al. present a heterogeneous model in which

release sites are regularly arranged on a hexagonal grid

(Falcke 2003). But as mentioned above, the release sites

are randomly distributed in the ER, so a question to be

raised is as follows: does the random distribution of release

sites play some significant role in the initiation and prop-

agation of the Ca2? spiral wave? To account for the effects

of random and discrete distribution of Ca2? release sites on

the Ca2? spiral waves, in this paper, based on a model

presented by Bugrim et al. (1997), the Ca2? spiral waves

are compared in different types of media with the Ca2?

release sites uniformly distributed, discretely and uni-

formly arranged, or discretely and randomly arranged. Our

results show the randomness and discreteness of the dis-

tribution of release sites is important for initiation and

propagation of Ca2? spiral waves, therefore it is necessary

to consider them when modelling Ca2? spiral waves.

Model and simulation

There are a number of models for studying the local

dynamics of cytosolic Ca2? concentration, all of which

show a great deal of fundamental similarity (De Young and

Keizer 1992; Li and Rinzel 1994; Tang et al. 1996). Here

we shall use a simplified model that takes into account only

the exchange between the cytoplasm and the ER. It con-

tains three fluxes across the ER membrane: release through

the ion channels (IP3Rs), removal of Ca2? by an ATP-

dependent pump, and a leak (Bugrim et al. 1997).

The flux through the ion channels is determined by the

state of receptor, which in turn is determined by the

binding of IP3 or Ca2? to the receptor. Each receptor has

four identical subunits and every subunit has three binding

sites: a site for IP3, an activating site, and an inactivating

one for Ca2? (Foskett et al. 2007). In order for a subunit to

be activated, only the IP3 and the activating Ca2? binding

site need to be occupied, then for the ion channel to be

open, at least three of the four subunits are activated. In

keeping with the De Young-Keizer model, we allow the

parallel binding and dissociation at all sites of the subunits.

Under the assumption that the rate constants do not depend

on the state of the receptor, the equations defining the local

dynamics of the active sites where the discrete ion channels

and pumps are distributed are as follows (Bugrim et al.

1997):

dC

dt
¼ Pl þ

PcICð1� vÞ
ð1þ k0I=k�0Þð1þ k1C=k�1Þ

� �
ðCR � CÞ

� Pp
C2

C2 þ K2
C

;

dv

dt
¼ k2Cð1� vÞ � k�2v;

ð1Þ

where C and CR denote the Ca2? concentration in the

cytosol and ER, respectively, and v is the fraction of

inhibited ion channels. The values and definitions of the

parameters are listed in Table 1 (Bugrim et al. 1997).

In Eqs. 1, the density of active sites is equal to 1.

Obviously, for the sites without ion channels and pumps,

termed passive sites, the density should be equal to 0. To

simulate a cell with both active sites and passive sites, a

function f(x,y) is introduced. Within the areas occupied by

the active sites, f(x,y) = 1, and for the passive sites

f(x,y) = 0. A diffusive term is added to Eqs. 1, and the

spatially extended model is given by Bugrim et al. (1997):

dC

dt
¼ Pl þ

Pc½IP3�Cðf ðx; yÞ � vÞ
ð1þ k0½IP3�=k�0Þð1þ k1C=k�1Þ

� �
ðCR � CÞ

� f ðx; yÞPp
C2

C2 þ K2
C

þ Deffr2C;

dv

dt
¼ k2Cð1� vÞ � k�2v

ð2Þ

For simplification, Eqs. 2 are normalized to dimensionless

equations:

du

ds
¼ 1

e
a1ð1� uÞ þ a2ð1� uÞ uðf ðx; yÞ � vÞ

ð1þ b0Þðuþ b1Þ

�

� u2

u2 þ a2
3

f ðx; yÞ
�
þr2u;

dv

ds
¼ �vþ u

b2

ðf ðx; yÞ � vÞ;

ð3Þ

where u = C/Cm represents the dimensionless concentra-

tion of cytosol Ca2?, the fraction of inhibited ion channel

is denoted by v, and s is the effective time. The param-

eters in the dimensionless model are calculated as shown

in Table 2 (Bugrim et al. 1997). To understand the nor-

malization in more detail, see Bugrim et al. (1997).
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The simulations are performed on systems of 60 9 60

space units, which corresponds to the length scale of

Xenopus oocytes. The boundary condition used here is the

non-flux boundary condition. Equations 3 are integrated

using a Euler forward scheme, with a spatial discretization

of 0.1 space unit and a time step of 0.001 time unit. An

important parameter p, the active site density, is introduced

to represent the fraction of the active area where the ion

channels are distributed. In Xenopus oocytes, p is about

0.13-0.16 (Bugrim et al. 1997).

To generate a system in which discrete active sites are

randomly arranged, which will be called a random and

discrete medium (RDM) in this paper, the system is divided

into 300 9 300 squares. For every square, a uniform ran-

dom number between 0 and 1 is produced and compared

with p. If the random number is less than p, the corre-

sponding square is assigned as an active site, i.e.,

f(x,y) = 1, otherwise, f(x,y) is set to 0. To compare with

RDM, a regular and discrete medium (RDcM) is generated

by regularly arranging the active sites, and a homogeneous

medium (HM) is generated by setting f(x,y) to its mean

value p everywhere in the medium.

Results and discussion

Firstly, the numerical simulations are performed on RDM.

We fix p and [IP3] at 0.15 and 0.4 lM, respectively; these

values are both physiologically reasonable. The initial

value of u is set to its stationary state, and then the system

is disturbed with a local u increasing to 0.2 in the center of

the system. This perturbation is strong enough to activate

the medium which can be seen here as an excitable system.

The perturbation with higher u increasing does not make a

difference. For rather low [IP3] ([IP3] \ 0.352 lM), the

perturbation is annihilated before propagating across the

system (see the top row of Fig. 1). On the other hand, for

very high [IP3] ([IP3] [ 0.380 lM), a plane wave initial-

ized by the perturbation can successfully propagate across

the system (see the bottom row of Fig. 1). These results are

similar to Bugrim et al. (1997) and in keeping with

experiments. In this paper, five random distributions for

RDM were tested, and no significant difference was found.

It is intriguing that for 0.352 lM \ [IP3] \ 0.380 lM,

the propagating plane wave is cut off into several seg-

ments, and the open ends of these segments curl up into

spiral tips (see the center row of Fig. 1), which are topo-

logical defects in the system. These defects make the spiral

waves permanently sustained in the system unless other

perturbations are used. The system exhibits a well-known

mechanism of spiral pattern initiation, and in some cell

types, this mechanism has been proven to be used by Ca2?

spiral waves (Dupont 1998). For [IP3] \ 0.352 lM or

[IP3] [ 0.380 lM, the system always recovers to rest states

after several time units; in contrast, Ca2? spiral waves are

permanently sustained in the system for 0.352 lM \ [IP3]

\ 0.380 lM. The Ca2? concentrations at the selected point

(50, 50) (indicated by a red arrow in Fig. 1) are plotted

against time in Fig. 2. For low [IP3], no spiking happens

because the Ca2? wave fails to propagate to point (50, 50);

for high [IP3], the selected point spikes only one time,

which corresponds to the plane wave propagating to that

point. Only for 0.352 lM \ [IP3] \ 0.380 lM are persis-

tent Ca2? spikes found. It is more important that these

persistent Ca2? spikes are not unorderly, and a prominent

peak value can be found in corresponding power spectral

densities (PSD) (see Fig. 2d). This coherent spiking

behavior allows the Ca2? system to carry a signal.

Secondly, Ca2? spiral waves will be modelled in RDM

and HM from an unphysiological initial condition, termed

Table 1 Parameters of the model

Constant Definition Value

c ER volume/cytoplasmic

volume

0.185

Pc Channel conductance rate

constant

3.7 s-1

Pl Leakage rate constant 0.00059 s-1

Pp Maximum pump rate 10.0 lM s-1

KC Michaelis constant for the

pump

0.03 lM

Cm Average Ca2? concentration 1.56 lM

k0 IP3 binding rate constant 96 lM-1 s-1

k1 Binding rate constant for

activating Ca2?
150 lM-1 s-1

k2 Binding rate constant for

inhibiting Ca2?
1.8 lM-1 s-1

k-0 IP3 dissociation rate constant 9.6 s-1

k-1 Dissociation rate constant for

activating Ca2?
16.5 s-1

k-2 Dissociation rate constant for

inhibiting Ca2?
0.21 s-1

Deff Effective diffusion coefficient

of Ca2? in cytoplasm

21 lm2 s-1

[IP3] The concentration of IP3 Varied

Table 2 Dimensionless

parameters
Constant Definition

a1 (1 ? c)PlCm/Ppc

a2 (1 ? c)PcCm/Ppc

a3 KC/Cm

b0 k-0/k0[IP3]

b1 k-1/k1Cm

b2 k-2/k2Cm

e k-2Cm/Pp
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the locally perturbed rest state. This initial condition is

extensively used to develop spiral waves in excitable sys-

tems such as the BZ reaction system. The initial condition

is that, in a square area, u decreases from left to right while

v increases, and in positions out of the square area, all u

and v are set at rest states (see Fig. 3).

By fixing the concentration of IP3 at 0.4 lM and

varying p, we performed simulations on RDM and HM.

In HM, the spiral waves can develop from the initial

condition and be permanently sustained in the medium

for 0.626 \ p \ 1. In Xenopus oocytes, p is about 0.13-

0.16, i.e., the simulations in HM can not reproduce the

Ca2? spiral waves found in Xenopus oocytes. In RDM,

the spiral waves can develop and be sustained for

0.116 \ p \ 1, which includes physiologically reasonable

values of p. Only for p close to 0.116 will the spiral

waves break up and more tips form in RDM; for other

values of p in this range, the sustained spiral wave has

only one tip. The comparison between the two types of

media tells us the discrete and random distribution of ion

channels is significant for the reproduction of the Ca2?

spiral wave by this model scheme. Figure 4 gives an

example of p = 0.15. In the top row of Fig. 4, the initial

condition fails to develop a spiral wave in HM. In

contrast, in the second row of Fig. 4, the Ca2? spiral

wave is successfully developed in RDM.

In Fig. 5, we also give an example of developing a spiral

wave with an unphysiological p value in a homogeneous

medium.

We have also compared the periods and velocities of

Ca2? spiral waves in RDM and HM. To calculate the

period, one point in the medium is selected, and the power

spectra of the time series is obtained; the period with

highest amplitude is selected as the spiral of the spiral

waves. The periods shown in Fig. 6a are averaged over 10

points, and averaging over more points does not result in a

significant difference. The dependence of the average

period on p is shown in Fig. 6a. The period ranges from

seconds to tens of seconds (1 time unit = 5 s), which is in

accordance with experiments and previous numerical

works (Bugrim et al. 1997; Falcke et al. 1999a; Tang et al.

2008; Falcke 2003). For both types of media, the period of

the Ca2? spiral wave decreases with p, and the periods are

almost the same in the two types of media at large values of

Fig. 1 Dynamics of Ca2?

waves for various [IP3]. Top
row: [IP3] = 0.35 lM, center
row: [IP3] = 0.37 lM, and

bottom row: [IP3] = 0.50 lM.

From left to right: for the first

two rows, t = 1, 3, 7, and 10

time units; for the bottom row,

t = 1, 3, 5, and 10 time units.

The black to white gray scale
represents the lowest value 0 to

the highest value 0.32 of u. This

gray scale will be used in all

figures throughout this paper

unless otherwise stated

a d

b

c

Fig. 2a–d Time evolutions of [Ca2?] at point (50, 50) for various

[IP3]. a [IP3] = 0.35 lM, b [IP3] = 0.37 lM, c [IP3] = 0.50 lM,

d power spectral densities (PSD) of the time series in b
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p (p [ pc = 0.626). To calculate the velocity, we selected

two points along the propagating direction of waves. The

time interval between u values of the two points reaching

the maxima are recorded, and the velocity is the space

between the two points divided by that time interval. The

velocities in Fig. 6 are averages of 300 calculations. The

dependence of the average velocity on p is shown in Fig. 6b.

The velocity of the Ca2? spiral wave increases with p, and the

velocities are almost the same in the two types of media. To

sum up, the discreteness and randomness do not prominently

change the period and velocity of the Ca2? spiral wave.

Many studies about Ca2? waves pay attention to the

discrete distribution of sites for Ca2? release, where Ca2?

releasing sites are arranged on a regular grid (Falcke 2003;

Shuai and Jung 2003). In RDM, not only are the active sites

discretely distributed, but also the discrete sites are ran-

domly arranged. Thus we must consider the question of

whether the results we determined above are just a con-

sequence of the discrete distribution of active sites or if the

randomness also plays a significant role. To address this

question, we compare the spiral waves in the systems

where discrete active sites are regularly versus randomly

arranged, i.e., RDM and RDcM. Here, p is fixed at 0.16,

which is a physiologically reasonable value for Xenopus

oocytes. First, the two systems are started from the initial

condition as in Fig. 1. Obviously, the same results will be

obtained for RDM. But in RDcM, for all [IP3], no similar

spiral wave can be found as in the center row of Fig. 1, i.e.,

RDcM can not exhibit this mechanism of initiation of spiral

wave without some unphysiological initial condition. We

Fig. 3 The spatial formation of

variable u(x,y) (a) and v(x,y) (b)

in the unphysiological initial

condition used to develop spiral

waves. The gray scale in a is the

same as Fig. 1, and in b, the

black to white gray scale

represents the lowest value 0.1

to the highest value 0.9 of v

Fig. 4 Time sequence

illustrating the process of spiral

developing from initial

condition for p = 0.15 and

[IP3] = 0.4 lM. Top row in

HM, bottom row in RDM

Eur Biophys J (2009) 38:1061–1068 1065
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conclude that the random distribution of the active sites is

necessary for the spontaneous initiation of Ca2? spiral

waves, since the random distribution can improve the

nonuniformity of the system, which has been proved to be

an important factor for initiation of Ca2? spiral waves.

Again, the two types of systems are started from locally

perturbed rest states. The simulations show that Ca2? spiral

waves can be obtained in RDcM for 0.340 lM \ [IP3] \
0.545 lM, and in RDM the region of [IP3] for spiral waves

is slightly narrowed to 0.352 lM \ [IP3] \ 0.532 lM;

clearly, this is not a significant difference. The velocity and

period of spiral waves in the two types of media are

compared in Fig. 7. It can be seen in Fig. 7a that the period

decreases with [IP3] in both mediums, and this decrease is

very similar to that shown in our previous work (Tang et al.

2008). In addition, the period does not vary significantly

with the random distribution except for some fluctuation

due to the randomness, and for enough large [IP3], the

fluctuation disappears. In Fig. 7b, the velocity increases

linearly with [IP3] in both media. It is interesting that, for

low [IP3], the velocity of the spiral wave in RDM is less

than that in RDcM. In contrast, for high [IP3], the RDM

velocity is larger than the RDcM. Obviously, this is also a

slight difference. The main difference between the two

types of media is the fluctuation of distance between the

active sites, i.e., in RDM, several active sites can cluster,

and in some large areas, no active sites can be found.

However, in RDcM, all active sites are isolated.

To explain Fig. 7b, three typical points are selected in

RDM: Pua, the center point of a large area with no active

sites; Pca, the center point of a large area totally occupied

by active sites; and Pia, the position of an isolated active

site. The Ca2? increase at the three points is compared in

Fig. 8 for low (0.38 lM) and high (0.525 lM) [IP3]. In

Fig. 8, compared with Pia, the refractory time of Pca is

reduced, which means an increase in the velocity of Ca2?

waves. In addition, this reduction in refractory time or

increase in Ca2? waves is more efficient for high [IP3] than

lower [IP3]. Otherwise, the refractory time of Pua distinctly

shows two phases of Ca2? decay, which were also

observed in Xenopus oocytes with high mitochondrial Ca2?

uptake (Falcke et al. 1999a). Compared with Pia, this two-

phase decay prolongs the refractory time of Pua, corre-

spondingly, the velocity of the Ca2? wave is decreased. In

contrast to Pca, this decrease in velocity is more efficient

for low [IP3] than higher [IP3]. In Fig. 6b, for low [IP3], the

decrease in velocity by Pua in RDM is more efficient than

the increase by Pca, so the velocity of the Ca2? wave is

larger than that in RDcM, and vice versa.

Comparing RDcM and RDM shows that the random

distribution of active sites is important for natural initiation

(not initiation from unphysiological initial conditions) of

spiral waves. But the randomness does not significantly

Fig. 5 Time sequence

illustrating the process of the

spiral developing from an initial

condition in the homogeneous

medium for p = 0.65 and

[IP3] = 0.4 lM

a

b

Fig. 6 Dependence of period (a) and velocity (b) of spiral waves on

release site density p ([IP3] = 0.4 lM)
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determine the characteristics, such as period and velocity,

of the spiral waves, so when the initiation of spiral waves is

not the issue of concern, the regular medium is an efficient

model for Ca2? waves.

Conclusions

In summary, we have compared the Ca2? spiral waves in

several types of media that differ mainly in the discrete

and random distribution of ion channels in the ER. The

results indicate that for lower [IP3], discrete and random

distribution of ion channels exhibits a well-known

mechanism for initiation of spiral waves. In HM, simu-

lations show that the Ca2? spiral wave can be obtained

in the system only when the active site density

p [ 0.626, which is not a physiologically reasonable

value. In contrast, the spiral wave can be obtained in the

RDM at physiologically reasonable values of p. Fur-

thermore, the comparison between RDcM and RDM

shows that the random distribution of active sites is

important for natural initiation of spiral waves. Period

and velocity of Ca2? spiral waves are not prominently

changed by varying the type of medium.

The results are obtained based on a dimensionless Ca2?

model considering the exchange between the cytoplasm

and the ER, which is also the main exchange in other Ca2?

models. This leads us to believe that similar results about

the discrete and random distribution of ion channels can be

found in other excitable Ca2? models, such as the Tang–

Othemer model (Tang et al. 1996).
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